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In  this  paper  I  consHcr  the  problem  of  aiffraction  in  a  three-din- 
cnsional  space,  foUT’.'in.::  the  basic  r.ethod  used  by  7.  I),  Kupradas  to 
solve  the  iLino  problem  of  the  diffraction  of  eiectrnr.ia^p-ietic  v.'aves  Cv]. 

§  1.  In  an  infinite  s.;ace  r.lth  electromst.'nctic  cor.sta/.ts  Eq,  Pq  ,  Cq 
let  there  be  n  successive  non-dnterscctinc  cnclccu’-Js  bounded  by  the 
rei;ular  surfaces  (see  [l])  Sj,  {v  •  1,2, ...,n).  The  electrcnacnctic  con¬ 
stants  of  the  media  occupying,  the  successive  enclosuros  -  the  dielectric 
constant,  magnetic  permeioility  and  conductivity  coefficient  -  vfe  denote, 
respectively,  by  Ey,  py,  .  The  region  bounded  ty  (asruning  no 

subsequnnt  enclosure)  Tre  denote  by  ,  the  outer  bou;yiary  of  the  sur¬ 
face  ky  axA  the  outer  infinite  region  by  T#  i  the  region  included 
betn-eon  Sj,  and  by  Ty  -  *  here,  let 

.  Uoreover,  /let 

n,n*i  n  *  - 


k^(J:)  - 


k,  ,  u  C 

,  V.  C 

lies,. 


Tdiere 


w  e  p  ♦  linic.xy,p. 


Im  kj  ^  0 


(j  -  0,1,2, ...,n) 


The  complex  vectors  of  the  electric  and  magnetic  electromagnetic  field 
intensity  are  o  and  11  ,  respectively. 

The  problem  is  formulated  as  foUovrs: 

.^required  to  find  E  and  h  satisfying  tJie  conditioris  (sec  [3]): 
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'here  "t  is  the  vector  field  potonti:J..  (2.1)  ir.  (l.l^)  "'"e  obtain 

in  T. 


(2  ^ )  2  «■  GTsd  +  ~  r 


%7hcre  cp  is  the  scalsr  field  potentic.1.  The  vector  /  ,  ir.troi;;ue£d  in 
(2.1),  in  determined  '.rith  the  accuracy  of  a  component  and  is  the  gradient 
of  an  srbitrary  function  and,  obviously,  the  potential  <p  is  also  not 
uniquely  defined.  To  clirdnate  t;iis  x.ndefinitencss,  lot  us  require  that 
this  condition  be  fulfilled  (in  the  T.  region) 


(2.3) 


div 


^  ti^()in<j’  -  ie  w 

p  a  Ml  -  J  - 


a>) 


0  or  div  F  ■ 

1“  0 


c  f 

Let  us  put  H  and  E  from  (2.1)  and  (2.2)  into  (1.1^^)  and  let  us 
use  (2«3)|  we  obt='in 

(2.!*)  ^  *k^J  •  2  in  T, 

(2.5)  ^  -  0 


^  v*i > 


bx" 

By  virtue  of  (2.3)  and  (2,2)  re  obtain  from  (l.l^) 


(2,6) 

(2.7) 


k«^  *  ~ 

2 

♦  k  ■  0 


in  T, 
in 


Moreover,  rrom'.Cl.lj^)  it  is  evident  that  in  T, 


(2.3) 


div  t  » 


«»'  tiw 

Uw*  -  i6*« 


div  G 


Naa  from  (l.l^)  and  (2.3)  there  results 


(2.9) 


*•  e. 


div  G 


hno",  -  ic,<i> 

Let  us  note  that  (2.6)  imd  (2,7)  arc  consequences  of  (2,>.)  ;ir.d  (2.5). 


In  order  to  confirm  this  it  is  sufficient  to  talce  the  diver  joucc  of  (2,)i) 
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and  (2,5)  and  to  use  (2,3)  and  (2.9). 


Let  us  put  lAj  1  (j  ■  0,  1,  2,...,  n),  '.jr.en  in  place  of  the  boimdary 


conditions  (1.1^)  and  (l.l.  )  we  Md.ll  liavo  the  foUavir.,'- : 
5  6 


(2,10) 


2.  (H)^  “  (H)^_^ 


hy  virtue  of  (2,1),  (2,10^)  is  fulfilled  if  ?  satisfies 
(rot  (rot 

By  virtue  of  (2,2),  (2.10^)  is  fulfilled  if  we  have  on  Sj/  ; 

(^63  c  ^  (63  c 

evidently,  the  latter  always  occurs  if  these  boundary  conditions 


are  YuLfilled  on  Sy 


(M]y  “  (HVii  •  ^^S^-1 

Finally,  the  diffraction  problen  reduces  to  two  ’boundaiy  problcns 
for  the  oscillation  equations. 

To  find  f  requires  solving  ti.e  boundary  problem: 


2^  eJlTI  ♦ 

1.  AF  +  kV  -  G 

c 

2.  A?  •»  -  0 


in  T, 


in  T. 


(2.11) 


>,v+l 


3.  (rot  F),  -  (rot  i  in 

a.  ?  •  cx?(ik<b')  o(Vr)  J  iki**-  oxp(ik,r)  o(Vr)  at  infinity. 


To  find  ,  the  problem  is  solved 

1,  A<f  k^qp  -  ~  p  iji  T, 


2.  Aq.  +  k^Cp  -  0  in 

(Ml  "  (im.  2^, 

U.  <p  -  cxp(ik,r)  o(Vr)  i  ^  -  ik.tf  -  e^***  o(Vr)  at  ira'ini-.y. 


V»V*1 

on 


(2.12) 


•  o 


V 


5 


o 
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iiore  F  and  <p  ,  found  frori  (2.11)  and  (2.12),  rract  satisfy  condition 


(2.3). 


§  3.  111'-’  solutions  of  boundary  prorlons  (2.11)  ani  (2,12),  respectively, 

n»  integre 
iK'oT 


arc  ex.TTosscd  thiough  soluticns  of  the  follorrin"  integral  equations: 

(3.1)  s'C’i)  -  ^  ^  *  hi:) 

3"'-'  T  J 


where 


f(i:).i y  G(K) 

(3.2)  fzjc^dl)?  (W  ■  cfe  rOVO  ■■ 

hno'.-icx.  r  VO 

- “Sc;  pV)  -7^7:7-  dr,. 


ds..' 


Ic^'.Ayj  (I-.l,2,...,„) 

F^  and  ara-  the  projcctioiuj  of  ?  and  Z  on  the  interior  r.omal, 
ao  volune  in’-eiprals  in  (3.1)  and  (3.2),  taken  evr-r  the  infinite 

region  T,  ,  exist  since  ^  and  p  are  bounded  and  Iia  k,^  0  .  For 

•*  ^ 

real  k»  ,  G  and  p  must  satisfy  sotio  existence  condition  of  the 
integrals  over  T*  . 

(3.1)  and  (3.2)  represent,  respectively,  ths  ordinary  and  loaded 
Freiholn  integral  equation  of  the  .secon  1  Idnd  (as  is  known,  FredhoLw 
theory  applies  to  the  latter). 


1 

I  j 


I  * 


¥ 
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Those  equations  are  con;pL,“toly  a-nalo^jous  to  the  e^i-otio;;s  of  V.  D. 
Kupradae  which  wor .  constnicted  in  for  electric  and  raj.:nctic  vectors. 

The  intecrvl  equations  (3«1)  arid  (3.2;  v.-ere  studied  ca.ipletely  also, 
as  WC3  done  by  V,  3.  Kuprn.ize  (see  [l^j  ch.  3),  for  the  plane  diffraction 
problan.  Condition  (2,3)  resiains  to  be  satisfied. 

Let  US  introduce  the  vector 

»<•'>  .3, 

where  n(l«)  is  tlw  direction  of  the  interior  nornal  at  the  point 
li  C  ,  ip(!0  Is  the  solution  of  (3.2),  and  v/e  fom  the  vector 

(3.3)  F3^(:0  -  F(M)  ♦  ersd  t 

Uie  vector  (3«3)»  obviously,  satisfies  (2.11),  hence  v/e  have  from  (3.3) 


(3.U)  div 


^  1  n-1  ,  p  C  P  ■*  ^ii<.r(;.»,h’) 

■  -ci  s  (k'.r  “j'lJ 

.  c_  frp/via  ds.:"? 

♦  A  P  ,ik,r(v,,J) 

I  f'*-  ,  '1 

"c-J  - rU,::)  ■  '**S  I 


^  n 


Subtracting  (3»2)  from  (3»Jj)»  we  obtain; 


(3.5)  div 


e  2  •  / 

div  F  -  (:; 


ik^(:.',!i) 


1 


n, 

w 


O 

o- 
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li  in  pnrticiiL.r,  '..•a  fviirill  i...o  tO  '-r.io;-.: 

•  A 


p  /  i‘:,r'  ’j.’- yA 


vrhere  Hd  then  (3.5)  honor. .? 


From  which  follows  (c.c  £ll)« 

div  F2^(M)  -  |3l:^(y)4^(::)  -  0  or  div  ?^(.V.)  - 

i.fi.,  (2.3)  » 

In  the  general  case,  we  consider  the  systor.; 


“j' 


(3.6) 


S-k^ 


^ik^d-VO  ^09  f' 
r  *"7{T7rr^%  iCj^^>J'p(:;j^(i;)X 

j*i  0^1 

n  9  9  foi  r  ik.r(M,N) 

(M)^do  .  k2)jk2  ^  dr.j 


where 


“j-n 

♦  L(;i) 
Lk.r(il,f;) 

*<■->  •  I'i  °<-->^i;irf-  '“'li 

!• 


J 


,  n-1  P  ik,r(.V,K)  ,  n  ik^(y,>:) 

«« ■  ^  g  A'"'  «„ 


fv 
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llae  runcti..ns  r'  ar.d  c{>  ,  detcrnan.id  I'rcc  (3.6),  satisfy  (2.11), 
(2»12)  and  (2,3).  *herof or  5,  (3.0)  and  (l.lj  aro  r.ratualiy  equivalant. 
In  particular,  the  homogeneous  probl^w  is  equivilont  to  the  cor¬ 

responding  homogeneous  system  of  integral  equations  (3. 6*). 

8  U.  Let  us  study  the  system  (3.6).  /or  simplicity,  lot  us  con¬ 
sider  the  case  n  ■  1  s 


(h.l) 


-  ,2.,2  2>  f’  ik,r(M,N) 


rXL,N) 


,  cOc^k!)  . 


'  ilc.r(L',N') 

f-(w)  ♦  L(:.;) 


n'  '  r(i!,u 


Lot  UC  7^  j  let  us  introduco  the  notation: 

*  (ii)  -  F  (ii)  i  %(ii)  -  F  .!0  i  S'  (;i)  -  ?  (M)  i  %  (;/)  -  cy(i:) 
■5f^(Ai)  -  j  'ijF'^)  •  •fy^''*)  i  ■i’j(L')  •  fj('')  i  •  ^^“•) 

t,2  r-  ex?  ik,r(;-i.t) 


B  fa.KJ  .  »  (:■,.■.)  -  3  fe,;.)  .  0  ;  B  ,  U-,,t;) 


—  for  o  ■  3 

for  u/3  (q,3-1,2,3,U) 

c  cos(n,^J  q^kBr(-,..) 
iw  r(.-.r,'r. ) 


-  S^(!j,N;  •  d  (i,!-;)  -  0  j  U^,  (..^h) 


ccofUL.”#)  o 


ik,r(i;,:0 

riii,:  ) 
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/• 

j--*  o-  V  ' 


C:C  r\  ,.>) 


,  \  i-J 


^  i  ,  -  i  -  c.or;r.A  ^  (.  ■  )  -  -  i-  ■  co-(n,>l)  o""- 

c-C  r{.\,'  )  cl:,  r( 

-  i-  C(''(  ■  ■’/  >■  y  ^  1  > 

— 5^-7r:T'' 

Xr4  *JiG  SC'  .U-''!  Vi'C  V.— ‘jd*Cii>o  .-.*c  w  ,  1/  o*  _ ur.c  s  '*'2.^  "*"3^ 

by  the  voc  cor  ^  '^2  j  ^ j  '  • 

birllnrly,  '^'■( '3^, 'I^ ,  I,,  is  c  -/-ctor  ritn  cor.pcr.c-nts  -I',, 

•3c,  ■5‘. ,  iir,  .  Let  4i(’.:,h)  be  cr.e  •'itrix 

2*  j*  U  ' 


'/■'ctor  rith  coripcncnts  “I", 


ll'ii  “  "  “ 


i(;:,::)  .  i|A  (i',a)ll  -j”  Si  °  °  'i 

jo  0  C 

|C  0  0  A: 


and 


,0 
' . 

0 

0 

;^uil 

I’o 

I, 

0 

0 

“214!  i 

iiO 

0 

0 

"U:!: 

*3, 

ll  u 

\2 

®a3 

Then  (u.l)  can  be  v.Titten 

Cl;.2)  ^  (L'.)  +  \f  Adi,:;)  $>  (::)  dt,,  ■»  xJ'^V.  y,)  I  (::)  ds  ,  -  4  U) 

Aquation  Vi,2)  is  a  loadea  Fredhol-o  oquacion  of  lice  second  hind. 
This  c.-.n  bo  v.ritten  in  tiic  usual  fom  if  v-o  introduce  a  new  kernel  and 
new  differential. 

Let  us  put  (L  C  •*•  ) 


AO.!,:-;)  if 


V  /  .  .  ,,  \  J  -4.  ••  -  - 

.iv,.,:!;  ^3; 


d^,,  in  T, 

•  •  j 

H  n  r\r> 


0 


Morri>  D.  i^x-^inian 

'.•vus'.  If  C'l."'  i-'  ”' 

iTien  (li.2)  baconiGS 

(U.3)  5“  ^  (;J  d^-  -I'u.;) 

A3  is  kr.OT.n,  ^’rcdholn  theory  is  :.ppliceble  to  (see  V.  I;  Si.iirnov 

L^J 

7/10  proof  of  the  uniqueness  theoron  for  (l.l)  is  jiven  ^.r.  £'ij. 
Therefore,  by  virtue  of  the  equivalence,  the  hono^jeneous  systcin  (1:,3»)! 

(li.3c)  ^  (-)  *  ?  (N)  dcq.  -  0 

T 

1  1 

has  only  a  trivial  solution.  This  means  that  (<i.l)  is  solvable  for 


any  right  side  and  the  exister-ce  theorem  is  proved, 
Tiflis  Inst  of  Hn  iing,  ‘ 


July,  1953 
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